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Abstract. We consider the defocusing energy-critical nonlinear Schrodinger 
equation with inverse-square potential iut = —Art -|- a\x\~'^u + \u\‘^u in three 
space dimensions. We prove global well-posedness and scattering for a > 
— i -h We also carry out the variational analysis needed to treat the 
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1. Introduction 


We study the initial-value problem for the energy-critical defocusing nonlinear 
Schrodinger equation with an inverse-square potential in three spatial dimensions. 
Before formulating this problem precisely, we first need to give a proper formulation 
of the associated linear problem. 

For a > — J, the map 

Qif)--= f \Vfix)\^ + j^\f{x)\Ux 

7r3 

defines a positive definite quadratic form on \ {0}). Indeed, this can be 

verified by observing that 


Qif) = 




with 




We then define the operator 


Ca ■■ = 


-A + 


a 


as the Friedrichs extension of the quadratic form Q{f); see, for example, [351 §X.3] 
for the general theory of such extensions and [331 §1.1] or [^ for more on this 
particular operator. We choose the Friedrichs extension for physically motivated 
reasons: (i) when a = 0 it yields the usual Laplacian —A and (ii) the Friedrichs 
extension appears when one takes a scaling limit of more regular potentials. For 
example. 


Ln ■— —A 


1 + 


as n —>■ oo 


in strong resolvent sense (where we understand L„ as having domain 

The fact that Q{f) > 0 when a > —j, but not smaller, is one realization of the 
sharp Hardy inequality. When a < —all self-adjoint extensions of —A -|- a|a;|“^ 

1 
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are unbounded below; we do not consider this case at all in what follows. On the 
other hand, the sharp Hardy inequality also shows that 

Q(/) = ||^/Z:/||', ^ ||V/||', for a>-l (1.1) 


Note that this is an assertion of the isomorphism of the Sobolev spaces 
defined in terms of powers of Ca and via the usual gradient. The determination of 
the sharp range of parameters for which such an equivalence holds was the main 
result of the paper [3^. For ready accessibility, we repeat this result as Theorem l2.2l 
below. 

In this paper, we study the initial-value problem 

Uidt - £a)u = (t,a:)GRxR3, 

I u(0, x) = uoix) G 


for M : X C. The necessity of interpreting —A + a|a:| ^ as a self-adjoint 

operator Ca becomes more apparent when dm) is rewritten as an integral equation: 


u(t) = 




Uq - I 




m(s)|"’'u(s) ds. 


(1.3) 


In particular, it gives meaning to e via the Hilbert-space functional calculus. 

By a solution to (1121) we will always mean a strong solution, that is, a func¬ 
tion u G C^Hl n that obeys (II.3p . In Section [2Tl we will prove that 

such solutions exist, at least locally in time, when a > The restriction 

o- > — J + -^ represents the limit of what can be done within the confines of the 
usual Strichartz methodology. This breakdown does not originate in the failure of 
Strichartz estimates for the propagator indeed, the paper [7] shows that the 

full range of such estimates holds for a > —j. Rather, it stems from failures in 
Sobolev embedding. We will explain this more fully in Section [31T] 

The main result of this paper, however, is to prove global well-posedness of the 
problem (11.21) and determine the asymptotic behavior of solutions as t —)> ±oo. A 
key ingredient in extending the local result to a global one is the conservation of 
energy. More precisely, solutions to (USD preserve 


E{u{t)):= ( + ^\u{t,x)\^+ \\u{t,x)\^ dx. (1.4) 

In view of this guarantees that solutions remain bounded in for all 

time. By itself, this does not suffice to guarantee that solutions can be continued 
indefinitely. The difficulty stems from the energy-criticality of the nonlinearity. If 
u{t, x) is a solution to (11.21) . then so is Ax); moreover, both solutions have 

the same energy. Correspondingly, one must fear that a solution may concentrate a 
positive amount of energy at a single point in finite time; the solution cannot then 
be continued past this time, at least, not in the class of strong solutions. 

In the setting of nonlinear Schrodinger equations, the scourge of energy-criticality 
was overcome first in the setting of dOD with 0 = 0. This was ground-breaking 
work of Bourgain [5] for radial (=spherically symmetric) data and of Colliander, 
Keel, Staffilani, Takaoka, and Tao, in the case of general data. Their result 
reads as follows: 
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Theorem 1.1. Given uo € there is a unique strong solution u to 

{{idt + A)u = {t, x) G K X 

|it(0,a;) = uo{x). 

Moreover, the solution u is global in time and obeys the estimate 

f [ \u{t,x)\^° dxdt <C{\\uo\\jj^_ ). 

Jm. JR3 


(1.5) 


( 1 . 6 ) 


The space-time bound (11.61) guarantees that solutions scatter, that is, are as¬ 
ymptotic to linear solutions as t —>■ ±oo in the sense of dm); see, for example. 
Corollary 1.2 in m- 

The analogue of Theorem 11.11 has been known in general dimensions for some 
time [SilllJIllllS]. In this paper, we focus on the new difficulties introduced by 
the presence of the inverse-square potential and so restrict ourselves to three spatial 
dimensions for concreteness. We are aware of no new difficulties associated to the 
higher dimensional problem beyond those discussed in Section 12.11 in connection 
with the stability theory. Here is the main result of this paper: 


Theorem 1.2. Fix a > —^ -I- Given uq G there is a unique global 

solution u to (HH) satisfying 

f f \u{t,x)\^° dxdt < C{\\uo\\jgi). (1.7) 

JR dR3 

Moreover, the solution u scatters, that is, there exist unique u± G such that 

lim ||u(t) - = 0. (1.8) 

t—>-±oo ^ 


It is not feasible to prove Theorem 11.21 bv parroting the arguments from |11] or 
the ones from 130] , which gives a new proof of Theorem 11.11 in light of the recent 
advances on dispersive equations at the critical regularity. Among other things, 
those arguments rely on the Ll, —>■ dispersive estimate for the propagator 

and the coercivity of the interaction Morawetz identity, both of which break 
down for negative values of the coupling constant a. Nevertheless, we will be using 
Theorem o as a black-box, as we will explain below. 

The proof of Theorem 11.21 employs the induction on energy argument pioneered 
in [Sin] and subsequently reimagined in |22j . Some of the ingredients that underlie 
the Kenig-Merle approach to induction on energy are the ideas of linear and non¬ 
linear profile decompositions from [3] and the notion of a minimal blowup solution 
from [23]; however, the potential of these ideas for addressing the well-posedness 
problem for NLS was first realized in [^. For a pedagogical introduction to the 
Kenig-Merle argument illustrating how it may be applied to the case of the defo- 
cusing energy-critical NLS without potential, see, for example, [29] . 

The argument proceeds by contradiction. Assuming that Theorem 11.21 were 
to fail, one first demonstrates the existence of a minimal counterexample, that 
is, a solution to dm that has infinite space-time norm and has minimal energy 
among all such solutions. The (concentration) compactness argument used to show 
this existence shows more, namely, that such a minimal blowup solution must be 
almost periodic (cf. Theorem 15.1|) . The second half of the argument is to use 
monotonicity formulae and/or conservation laws to rule out the existence of such 
solutions. The almost periodicity is essential here; it provides both a spatial center 
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and a length scale that are intrinsic to the solution at hand. These are essential 
for using conservation laws and/or monotonicity formulae that are not translation 
invariant and/or that do not respect the scaling of the equation. 

The proof of the existence of a minimal blowup solution hinges on the construc¬ 
tion of a nonlinear profile decomposition, which is applied to a sequence of solutions 
Un witnessing the supposed failure of Theorem 11.21 This decomposition says that 
(after passing to a subsequence and up to a negligible error) the solutions with 
initial data u„(0) can be asymptotically expressed as a linear combination of the 
nonlinear evolutions of a fixed collection of profiles; the profiles are, however, mod¬ 
ified (in an n-dependent manner) by the symmetries of the equation, namely, space 
and time translations, as well as scaling. 

Here we see a new obstacle introduced by the presence of a non-zero potential; it 
breaks the space translation symmetry. Ultimately, this means that prohles living 
increasingly far from the origin relative to their intrinsic scale cannot be treated 
inductively — they cannot be modeled by a single solution of m up to symmetries 
of the equation. On the other hand, we may expect that the solution stemming 
from such data is little affected by the potential and can be approximated by a 
solution to (USD, thus inheriting the space-time bounds guaranteed by Theorem ll.il 
This heuristic is realized in Theorem oi whose proof fills Section 21 Both this 
result and the proof that such profiles decouple from the other nonlinear profiles 
rely on various convergence statements for linear operators proved in Section [S] 
The necessity of proving such convergence statements stems from the absence of 
LP —LP dispersive estimates for the propagator when a < 0; see [37] . 

Indeed, one should view (13.6p as a substitute for the dispersive estimate in this 
setting (cf. [31] Theorem 4.1]); this is essential for the construction of the minimal 
blowup solution. 

This paper is not the first to implement the credo that to treat critical dispersive 
equations with broken symmetries, one must first solve the limiting problems where 
the symmetries are restored. Previous examples include [m [n mi [m m iMi US 
EH ES [36]. This is the first model to be studied, however, which retains scale 
invariance, but loses space translation invariance. 

The credo stated above also explains one of our motivations for studying this 
particular problem; by its precepts, the study of the energy-critical NTS with a po¬ 
tential such as V(x) = 1/(1 -b |a:p) relies on a satisfactory treatment of the problem 
(221), which appears as a scaling limit. We were further drawn to this problem by 
the frequency with which the inverse-square potential appears in physical contexts. 
Several such instances are discussed in the mathematical papers miHiEoi sa SB], 
ranging from combustion theory to the Dirac equation with Coulomb potential, and 
to the study of perturbations of classic space-time metrics such as Schwarzschild 
and Reissner-Nordstrom. 

The construction of minimal blowup solutions to m, under the assumption 
that Theorem 11.21 fails, is completed in Section [5l Because profiles far from the 
origin can be discounted by piggybacking on Theorem 11.11 in the manner sketched 
above, we are guaranteed that such a minimal blowup solution remains close to 
the origin (relative to its intrinsic scale) for all time. However, the argument yields 
no restrictions on the behavior of this characteristic scale 1/N{t) beyond the local 
constancy property inherited from the local well-posedness theory (cf. [291 Lemma 
5.18]). 
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By simple rescaling and time-translation arguments, one can extract from any 
minimal blowup solution a minimal blowup solution that has N{t) > 1 on half of 
its evolution, say, for t > 0. Indeed, further combinatorial arguments allow one 
to further confine the behavior of N{t) as shown in [28l Theorem 1.17]; however, 
the fact that the solution remains centered near the origin makes such refinement 
unnecessary in this paper. 

In order to preclude minimal blowup solutions (and thereby prove Theorem 1 1.211 
we consider two cases: (i) the solution blows up in finite time in the future T* < oo, 
or (ii) the solution is global in the future T* = oo. We exclude the former scenario 
by using the conservation of mass 

M{u) = I \u{t,x)\'^dx; (1-9) 

Jm.3 

see Theorem l6.2l By minimality of the solution, finite-time blowup is accompanied 
by movement of the solution to high frequencies, leaving no mass on any ball of 
fixed radius. As mass transportation is controlled by the energy, which is bounded, 
this absence of mass can be propagated backward in time. Sending the radius to 
infinity and then sampling time to T*, we deduce that the minimal blowup solution 
has zero mass and so is zero itself. This contradicts the presumption that the 
solution blows up. 

To preclude the case of a solution that exists globally in the future, we use a 
truncated virial identity. For a defocussing nonlinearity, it would be more usual 
to use the interaction Morawetz identity. The big advantage of the interaction 
Morawetz identity is that it is insensitive to the spatial location of the solution. 
Unfortunately, when a < 0, the potential produces terms with an unfavorable sign 
and consequently, we are unable to prove coercivity for the full range of a. On the 
other hand, for the problem treated in this paper we are able to constrain the motion 
to remain near the origin. This makes it possible to use a virial argument, for which 
coercivity follows from the sharp Hardy inequality. Of course, it is necessary to 
truncate the usual virial identity in space (it has unbounded coefficients); however, 
the almost periodicity of the solution guarantees that such a truncation does not 
destroy the coercivity. See Theorem 16. ll for details. 

Given the use of the virial identity, it is natural to ask for an analogue of The¬ 
orem o in the focusing case. In the focusing case, one expects both solitons and 
blowup, so scattering cannot hold for all finite-energy initial data. The natural 
conjecture in this setting is that scattering holds for data below the threshold given 
by the least energy soliton. In Section[7]we carry out the requisite variational anal¬ 
ysis to determine the natural conjectural threshold for the focusing problem in the 
presence of an inverse-square potential. When a < 0, this threshold is dictated by 
a soliton centered on the origin. When a > 0, the threshold coincides with that 
associated to the case a = 0, since solutions occurring in the absence of a poten¬ 
tial can be embedded far from the origin. As evidence of the correctness of these 
thresholds, we show that the virial identity is coercive below these thresholds and 
show the viability of the concavity argument to prove blowup above the threshold; 
see Corollarv l7.6l and Proposition [7]71 

The concentration compactness arguments used in this paper carry over to the 
focusing case with little difficulty. Thus, to prove the natural threshold conjecture 
for the focusing equation with inverse-square potential we are missing one last 
ingredient, namely, an analogue of Theorem 1 1.1 1 in the focusing case. However, the 
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full threshold conjecture for the focusing energy-critical NLS in three dimensions 
remains open. It has been resolved in dimensions four and higher [T^ [28] , but in 
three dimensions, it is currently only known for radial data |22j . 
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2. Preliminaries 


We start by introducing some of the notation used throughout this article. If 
X,Y are non-negative quantities, we write X <Y or X = 0{Y) when X < CY 
for some C. We will use the shorthand AV B := max{A, B} and (x) := y'l -I- \x\'^. 

For 1 < r < 00 , we write i7b’’(K^) and for the homogeneous and 

inhomogeneous Sobolev spaces associated with Ca, respectively, which have norms 

II/IIh^’''(r3) = II V^/IIl''(R3) and II/IIhL’-(r3) = 11^1 + •^a/||L'-(R3). 


When r = 2, we simply write and = Hy{R^). 

Some of the results we will use admit generalizations to dimensions d > 3. Note 
that the operator is positive precisely for a > — this is the sharp form of 

Hardy’s inequality. Many results have clearer formulations when written in terms 
of the parameter 

-- “¥-[(“¥)’+ »]Y 

rather than the coupling constant a. 

Estimates on the heat kernel associated to the operator £a were found by 
Liskevich-Sobol [34] and Milman-Semenov [35] . 


Theorem 2.1 (Heat kernel bounds). Fix d > 3 and a > —(^j^)^- There exist 
positive constants Ci, C 2 and ci, C 2 such that for all t > 0 and all x,y G \ {0}, 




yi\ Cit 


<e *^“(a;,j/) < C' 2 (lVT^)‘"(lVf^)‘'t U 'V 


|x| , 


\v\ ‘ 


These estimates formed the starting point of the analysis in [25] , which develops 
a number of basic harmonic analytic tools that we will use in this paper. Foremost 
among these is the following theorem, which tells us when Sobolev spaces defined 
through powers of Ca coincide with the traditional Sobolev spaces. 


Theorem 2.2 (Equivalence of Sobolev spaces). Fix d > 3, a > —(^y^)^, and 
0 < s <2. Ifl<p<oo satisfies ^ p ^ min{l, then 

||(-A)^/||^, <d.p.. ||£|/||^, /orad/eC'“(R''\{0}). (2.1) 

//max{^, 5 } ^ p min{l, which ensures already that 1 < p < 00 , then 

\\df\\^,Up,s ||(-A)5/||^, forallfGC^(R‘^\{0}). 


( 2 . 2 ) 
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Our main result, Theorem 11.21 is restricted to the range a > — j + ^- As 
mentioned in the Introduction, this is needed to prove even local well-posedness via 
the usual methodology. The restriction cl > —j + -^ guarantees that u < ^ and 
consequently, 

ll^•^llL^>(R3) I|v^-^ILj>(R 3) foi' all 

The L^-product rule for fractional derivatives in Euclidean spaces was first 
proved by Christ and Weinstein [10] . Combining their result with Theorem 12.21 
yields an analogous statement for the operator Ca- We record here only the par¬ 
ticular cases that will be needed in this paper. 

Lemma 2.3 (Fractional product rule). Fix a > Then for all f,g G 

C“(R3\{o}) we have 

LP(R3) ^ |1\/^/||lpi(R3)||5||lp2(r3) -I- ||/||l‘!1(R3) WV^gW ^"2 (R3), 

for any exponents satisfying | < p,Pi,P 2 ,gi ,92 < f§ and ^ = j- + j- = j- + j-. 

Let (j) : [0, oo) —)> [0,1] be a smooth positive function obeying 

(j){X) = 1 for 0 < A < 1 and (j){X) =0 for A > 2. 

For each dyadic number TV G 2^, we define 

'('A(A) := (t){X/N) and i/^a(A) := 4>n{X) - (j)N/ 2 {X). 

It is clear that {'ipN{X)}pf^ 2 ^ is a partition of unity for (0,oo). We define the 
Littlewood-Paley projections via 

f<N ■= P<Nf ■= /a := P^f ■= ' 0 a (\/^), 

and />jv := P>Nf ■= ~ P<N)f- 

We will also make use of Littlewood-Paley projections defined via the heat kernel: 

Next we recall the following Bernstein and square function estimates, which were 
proved in [25] : 


Lemma 2.4 (Bernstein estimates). For 1 < p < q < oo when a > 0 or ro < p < 
q < pQ := ^ when — (^^)^ < a < 0, the following hold: 

(1) The operators P^pf, Pp, and Pfj are bounded on . 

~ - d_d 

(2) The operators P^jp, Pp, and Pp map to L‘^ with norm 0[N^ i). 

(3) For any s G M, 

NlP^f\\LZ-\\i^a)iPPf\\p^. and W||P^/|U. ^ ||(£,)ip^/||^g. 


Lemma 2.5 (Square function). Fix 0 < s < 2. For 1 < p < oo when a > 0 or 
ro < p < pQ ^ when —(^^)^ < a < 0 and any f G C))°(R'^ \ {0}), 


N^^\PPf\- 


AG 2* 


LT 


UI/Wl.. 


In order to prove decoupling of the potential energy in our nonlinear profile 
decomposition, we will use the following refined Fatou lemma due to Brezis and 
Lieb 0. 
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Lemma 2.6 (Refined Fatou, [6]). Fix 1 < p < oo and let {/„} be a hounded 
sequence in If fn ^ f almost everywhere, then 

f \\fn\^-\fn-fr-\ff\dx^O. 

JR3 

In particular, \\fn\\lp - ||/« - fW^P -)■ H/II^p- 

■‘■^X ^X 

Strichartz estimates for the propagator in were proved by Burq, Plan- 

chon, Stalker, and Tahvildar-Zadeh in [7]. Combining these with the Christ-Kiselev 
Lemma [9], we obtain the following Strichartz estimates: 

Theorem 2.7 (Strichartz estimates, [7]). Fix a > —The solution u to 

idtu = LaU + F 


on an interval I B tg obeys 

II“IIl®LJ(/xR3) ^ I|w(^o)||l 2(R3) + ll^lli|'ir'(JxR3)’ 

whenever = = 2<q, g<oo, and q. 

We would like to point out the loss of the double endpoint Strichartz estimate in 
the theorem above. This can be recovered via the argument in m for a > 0, since 
Ll, —>■ dispersive estimates were proved in this case; see m Theorem 1.11]. 

For sufficiently small a < 0, one can also recover the double endpoint Strichartz 
estimate via the argument in [7], by treating the potential term as a perturbation. 
The application of this theorem is simplified by the introduction of the spaces 

5°(/) := L?L6(/ X n LTLlil x 

S\I) := {u : / X R3 ^ C : Vit G S°{I)}, 


and the dual Strichartz space iV°(/) := L^Lx^^{I x R^) -|- L^LKI x R^). 

We record next a local smoothing result for the linear propagator Its 

only application in this article will be to prove Corollary 12.91 


Lemma 2.8 (Local smoothing). Fix a > —^ and let u = e Then 


, R 

^ \x — z\<R 

uniformly for z G R^ and R > 0. 


^\\7u{t,x)\'^ dxdt < ||wo||l2||Vmo||l2 +R 114011^2, 


(2.4) 

(2.5) 


Proof. Theorem 1 of [7] shows that 

/ / dxdt< R-^\\uo\\l 2 . (2.6) 

JrJr3 R\x\^ 

To complete the proof of (12.41) , we will use a weighted momentum identity anal¬ 
ogous to the virial and Morawetz identities. To this end, let 

F{t) := / 21m{udju)bj{x) dx with bj{x) = , 

Jr3 ^ ' 

where repeated indices are summed. Clearly 


|F(t)| <2 ||uo|1l3||Vwo||l2, 


( 2 . 7 ) 
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while direct computation shows 


dtF{t^ — / “t iXjzi/j; “t" AdhjXj 1^14 dx, 

jR3 ' ' 

where additional subscripts indicate differentiation and repeated indices are summed. 
For our particular choice of 6, we have 

4|a| 


bjjkkix) — > 0 , 4:abj{x)j^ > 


and 


R{x/R) 


XjXk ^jk 

R^{x/R)'-i — R{x/R)'-> 


bjk{x) — 

in the sense of matrices. The estimate (12.41) now follows by applying the fundamen¬ 
tal theorem of calculus and using (1^ to bound the potential term, which has an 
unfavorable sign when a < 0. 

We now turn our attention to (1^ . When \z\ < 2R this estimate follows from 
(1^ : thus we need only consider the case \z\> 2R. We use the weighted momentum 
identity once more, but this time choosing 

= t{xZyR) ^i^/R) 

where (j){y) > 0 is a smooth function vanishing when \y\ < i and obeying (j){y) = 1 
when \y\ > 1. For this choice of weight, we again have (12.71) : moreover. 


-bjjkk (x) ^, Aabj (x) > - 


kr 


4 


and 


bjk{x) > - ^|[V0](x/i?)|. 

The estimate f|2.5p now follows by applying the fundamental theorem of calculns, 
using dUl) to bound those terms with an unfavorable sign. 


□ 


The following corollary will be used to prove a Palais-Smale condition for min¬ 
imizing sequences of blowup solutions to (O. Our models for this result are 
Corollary 4.15] and (STJ Corollary 2.14]. 

Corollary 2.9. Fix « > — t + ^ o,nd let Wq G Then 


iVe 


— itCa 


Wo II 


LfLj ([r-T.r-|-T]x{|a:-z|<R}) 


< T 3^20 R 160 11 e Wo 11 


31 

32 

HI 


29 41 -.1 n ^ ^ ‘ 

+ ^o|I2%(r,,r3)I|wo|||4: 

uniformly in wq and the parameters R,T > 0, t € R, and 2; G 

Proof. Replacing wq by e“*'^^“wo, we see that it sufhces to treat the case t = 0. 
By Holder’s inequality, Theorem l2.2l and Strichartz, 


IVe 


— itCa 


reo 15 

LfL/ ([-T,T]x{|a)-q<R}) 


< R^llVe 


R‘^ llwoll 


— itCc 


Wo 11 30 

lI°lF ([-T.r]xR3) 


|Ve-*‘^“wo| 


Lly[-T.T]x{\x-z\<R}) 


Hi(R3) 


IVe 


— itCa 


Wo I 
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To continue, we consider small and high frequencies separately. Fix N G 2^. Us¬ 
ing Theorem 1 2. 21 Holder, Bernstein, and Strichartz, we estimate the low frequencies 
as follows: 


Ve 


— itCa 


LlJ[-T,T]x{\x-z\<R}) 


P<n'^o I 


<T^RiNi\\iCa)-^e- 


L®0lP(BxR3) 

'PSjY^oll 30 

Ll«LP{RxR^) 


< T 60 i? 5 iV 6 


\\e *‘^“UIo|l 2 io^(RxR 3 )ll(-^a)^e *‘^“'U:o|l 2 ~i 2 (RxR 3 ) 
||e “'*^o|I 2 iO^(RxR 3 )II'^oII^ 1 (R 3 )- 


To estimate the high frequencies, we use Lemma 12.81 and Bernstein: 
||Ve-*‘^“P^^a;o||'2^([_r,r]x{|,_,|<R}) ^ RWR^n^oWliW^P^nWoWli + \\P>nWo\\Ii 

<(PiV-i+7V-2)|Kf^,(R3)- 


The claim follows by optimizing in the choice of N. 


□ 


2.1. Local well-posedness and stability. First, we show local well-posedness in 
the inhomogeneous space P^(IR.^). Local well-posedness in the larger space P^(IR.^) 
then follows as an application of the stability theory Theorem 12.Ill In particular, 
one should note that none of the constants appearing in Proposition l2.10l make any 
reference to the mass of the initial data; the assumption of finite mass is simply a 
crutch employed in the contraction mapping argument. 


Proposition 2.10. Fix a > —j -I- Given A > 0, there exists rj = r]{A) so that 
the following holds: Suppose uq G obeys 

IIII ^2(R3) — ^ and ||e “r(o||^io ( 7 xR 3 ) — ^ (2-8) 

for some time interval I ^ 0. Then there is a unique strong solution u to (HU on 
the time interval I such that 


IlU^(/xr3) 


<71 and vPaull 30 A. 

" "CtL3nLjo.£'F(/xR3) 


Proof. Throughout the proof, all space-time norms will be on / x 
It suffices to show that 

pt 


— i e 
Jo 


is a contraction on the (complete) space 

{ .J ^ _ 

u G CtHl n Ll°Ha’ (/ X . II u|| M < CA and 
endowed with the metric 


(2.9) 



d(u, v) := llu — 7 ;|| m • 

The constant C depends only on the dimension and a and it reflects various con¬ 
stants in the Strichartz and Sobolev embedding inequalities. 
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By the Strichartz inequality, (12. 8 p . and Lemma [2.31 ior u G B we have 


^(w)| 


C,LlnLl°LF 


< A+||x/£;(|n|4n)|| ,<A + ri^^/ra 




Thus choosing rj sufficiently small we obtain that 


|\/^ $(w)| 


CtLjnLjOiF 


< CA. 


Similarly, for u G B, 

||$(u) 


^ Ikollis + iMrw a < 

, IQ ~ IM I II r2 r 5 ~ 


\uo\\li +V m 


U\\ ^ . 


( 2 . 10 ) 

M < 00. 

13 

( 2 . 11 ) 


Proceeding once more in a parallel manner shows 


||$( m )||^10 < ?y +<^' 11 ^ 11^10 W^/^a 


It 30 < 77 + C^(277)^2yl < 277 , 


provided 77 is chosen sufficiently small. This, (I2.10|) . and (12.111) show that $ does 
indeed map B into itself. 

To see that d) is a contraction, we argue analogously: 


\mu) - $( 77)11 


L}°LF 


< 


— |77|'*7;| 


< II7;.- 


u — 7 ; 




(ihll 


Ll° 



which shows that for u,v G B, one has (i($( 77 ,), $(77)) < ^d{u,v) provided 77 is 
chosen sufficiently small. □ 


The condition o, > expresses the limit of what can be achieved by the 

method presented above. In order to estimate the nonlinearity in a dual Strichartz 
space, one must be able to place the solution in a space LfL^. with q < 10. By 
scaling this then requires r > 10. On the other hand, if a < — I + ^ then the 

. \ 3r 

Sobolev embedding ^ breaks down for all r > 10. 

We turn now to the formulation of the stability theory. As noted above, it allows 
us to remove the finite-mass assumption from Proposition 12.101 It also plays an 
essential role in the implementation of the induction on energy argument employed 
in this paper; in particular, it shows that solutions to (II.2p whose initial data are 
the sum of two parts that live at vastly different length scales can be approximated 
by the sum of the corresponding solutions to m- 

Theorem 2.11 (Stability). Fix a > —j + Let I he a compact time interval and 
let u be an approximate solution to ca) 077 / X in the sense that 

{idt — Ca)u = |72|"^77 -f e 

for some function e. For some positive eonstants E and L, assume that 

^ ^ I|w||lj;>^(/xr3) <-C'- 

Let to G L and let uq G iL^(R^). Assume the smallness eonditions 
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for some Q < £ < Si = £i{E,L). Then, there exists a unique strong solution 
M : / X I—>■ C to (II. 2p with initial data uq at time t = to satisfying 

II (M-'u)llgO(^) < C{E,L)£ 

\\\/^u\\so{i) ^ C{E,L). 

Proof. The proof of this theorem follows the general outline in [in EH 02 ], exploit¬ 
ing the same spaces used in the proof of Proposition 12.101 As there, Lemma 12.31 
provides the key input for differentiating the nonlinearity with respect to the oper¬ 
ator y/Ca- □ 

Employing the arguments used to derive a stability theory for the energy-critical 
NLS without a potential and relying on Theorem l2.2l to differentiate the nonlinearity 
with respect to the operator , we can derive the analogue of Theorem 12.111 in 
dimensions d G {4,5,6}, as long as a > —■ A stability result 
for d > 7 is known in the setting a = 0; see |29l 02). The proof relies on a 
fractional chain rule for Holder continuous functions and exotic Strichartz estimates. 
Theorem l2.2l guarantees that the fractional chain rule can be imported directly from 
the Euclidean setting, with an appropriate restriction on the range of Lebesgue 
exponents when a is negative. The exotic Strichartz estimates however are derived 
from the L} —>■ dispersive estimate for the propagator . Dispersive estimates 

were proved for the propagator for a > 0 in [13]; they were shown to fail for 

a < 0 in [3 7) . 


3. Linear profile decomposition 


The goal of this section is to establish the linear profile decomposition for the 
propagator associated to bounded sequences in H\{ 


Theorem 3.1 (iJ}(]R^) linear profile decomposition). Let {fn} be a bounded se¬ 
quence in i7}(]R^). After passing to a subsequence, there exist J* G (0,1, 2,..., oo}, 
non-zero profiles C C (0,oo), and {{t^,, C MxR^ 

such that for each finite 0 < J < J*, we have the decomposition 


fn = 

satisfying 


J 

E 

i=i 


K + wi with ())^ = G:^[e and w;} G 


lim limsup||e 

J—^J* n—¥oc 


— II 


lim 

n—^oc 


{u 

lim (ll/nll 

n—¥-oo K 


2 

HI (!R3) 


J 

E 

1=1 

,7 




6 

Lli 




n\\Ll( 






= 0 , 


= 0 , 


= 0 . 


1=1 


Here, CJff is as in Definition \3.‘A with yl, = ^ and [G^h](x) := 7" ). 

Moreover, for all j ^ k we have the asymptotic orthogonality property 


log 


At 






OO as n 


(3.1) 
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In addition, we may assume that for each j either = 0 or t-f ^ ±oo. 
Definition 3.2. Given a sequence {?/«} C we define 


C: := -A + 


and CT := 


\X + yn\ 



k+j/ool^ 


if Vn 

if \yn 


yoo ^ 
->■ OO. 


The following typifies the manner in which the operators C'f appear: for any 
yn £ and > 0, 

ivi [(j>{NnX -yn)]= (f] (N^x - yn) • (3.2) 

The operators appear as limits of the operators in various manners that 
we now justify: 

Lemma 3.3 (Convergence of operators). Fix a > —j. Suppose we are given se¬ 
quences tn ^ t G M. and pn —>■ Poo £ R^U{oo}. With £” and as in Definition ] 3.^ 
we have 

~ for all Ip G (3.3) 

||(e**"'^" - = 0 for all Ip G (3.4) 

II [a/Z™ - \/^]'!/'||^2(r3) = 0 for all Ip G (3.5) 

and for all admissible pairs | + f = | with 2 < q < oo we have 

=0 forallfjGL'^fMf). (3.6) 

If additionally pao 0, then 

II - e-^”]'^o||^^i(R3) = 0. (3.7) 


Proof. By Theorem 12.21 the operators £" and are isomorphisms of Hf onto 
HfP^ with bounds independent of n. Consequently, it suffices to prove (13.31) for the 
dense subclass C')?“(]R^ \ {j/oo}) of II^{'Ef). (fn the case poo = oo, we understand 
\ { 2 / 00 } as R^.) fn this subclass, convergence in H~^ is trivial. 

We next prove dUD in the case q = 00 and r = 2. Note that all other cases of 
(1^ then follow by interpolation with the end-point Strichartz inequality. We also 
note that the Strichartz inequality permits us to assume that tp G 

Let us suppose first that ?/„—>■ 00 so that £“ = — A. By the Duhamel formula 
and Strichartz, 




^ — itA 


)V’| 




< 


^—itA 


\x+yr,\^ 


IpW 10 

LJ( 


lxR3) 


(3.8) 


On the other hand, as ip G C')?“(R^), we have 


for any m > 0. That RHS ()3.8p converges to zero as n —>■ 00 follows easily from this 
and the fact that y„ ^ 00 . 

Let us suppose now that j/„ —>■ ?/oo £ R^- Translating ip if necessary, we may 
assume that poo = 0; this implies = Ca- Adopting the notation 


Vn{x) 


a _ a _ „ y„-(2x-l-y„) 

\x+yW JW ® N^TT+yTF 
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and proceeding as previously using the Duhamel formula and Strichartz inequality, 
we obtain 




Given any e > 0 and \yn\ < we have 




'LfLj (RxR3)’ 


(3.9) 


RHSdSll) < \\VJ 15 

LiG{k|<E} L^LIO 

< e5||(£a)^/^°^/’||^2 + \yn\£~^ 
<y, £= + o(l) as n —>■ oo. 


({kl>e} 


LI 


As e > 0 was arbitrary, we deduce that RHS p.Op — ?> 0 as n —>• oo, thereby complet¬ 
ing the proof of (EH). 

Next we look at (1X71) . Notice that j/tx, 7 ^ 0 is necessary when cr > 0; otherwise, 
do = 00 as can be seen from Theorem 12.11 Let us consider first the case 
Un —>■ 00 , for which = —A. From Theorem l2.2l we see that is bounded on 

H~^ uniformly in n and s > 0. From the Duhamel formula and Sobolev embedding, 
we may then deduce that 






II ^ 

k+ynr 

<'11 O- II 

|a:+y„P® "0 11 j;,6/5 ^ Jg ^ ^^3^ . 


< 


To estimate this quantity, we first observe that for \yn\ > 2R > 0, we have 

II \x+y„\'^ ^ '^°llix^''({|a:-l-yn|<R}) ~ H F+yTF H k-|-yn I <R}) H ® '^olli“({k + !/n|<R}) 


which converges to zero in Ls([0,1]) as n —>■ oo, irrespective of R > 0. On the other 
hand. 


\x+yn\^ 


< 


'°''Ll^’^{{\x+yrt\>R}) ~ II \x+yri\^ IR|({|a;-l-?/n|>R}) I 


sA 


<5oll 


L2(R3) 


<R 


— 1 —- 
s 4 


which may be made arbitrarily small in Ls([0,1]) by choosing R large. This com¬ 
pletes the proof of (1X71) in the case oo. 

Suppose now that ?/«—>■ ?/oo G \ {0}. Proceeding as in the previous case, the 
problem reduces to showing that 



0 


LiL®^^([0,l]xR3) 


as n —>■ oo. 


where 


Vn{x) 


a _ a _ „ (Vaa-Vn)-{'^x+yn+y^) 

X+XTR \x+y^\-‘ \x+y^\'-‘\x+yn\'-‘ 


This can be shown in a manner similar to that used in the previous case. Suppose 
0 < e < i|yoo| and |y„ - i/oo| < \e, then 
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which converges to zero in Lg([0,1]) as n —>■ oo, irrespective of e > 0, while 
IlKe ^ ^0 || L“({|a::+yoo |<e}) 

which converges to zero in ig([0,1]) as £ —>■ 0. This completes the proof of (13.71) . 

We turn now to the proof of (|3.5I) ; once again it suffices to consider ip G (R^ \ 
{i/oo})- Given £ > 0, let us define 


fe{E) 



if \E\ < £-2 
if \E\ > £-2. 


By mollihcation and then Fourier inversion, there is a finite (signed) measure dfXg 
(with ^e({ 0}) = £“^) so that 


fe{E)- J E^^d^Xe{t) 

Combining this with (|3.6D yields 


sup 

E^R 


< S. 


limsup||/E(£“)i/; - /e(£”)V'||^2 < 2£||i/'||l2. 

n—yoo ^ 


On the other hand, using the fact that \feiE) — vT^I ^ '^1^1 we get 

< £||/:“V'|L.+e||/::V'|L. ^ 2£||/:-V'|L. 

as n —>■ oo. As £ > 0 was arbitrary, this completes the proof of (13.5F 
Note that we also have the following analogue of (13.5|) : 

J.^||[y£"-\/^]<('||^-i(R3) =0 for all <() G L2(R3). ( 3 , 10 ) 

Indeed, any such (p G can be written as yjC^tp for some tp G Hp.. The claim 
then follows by expanding 



and then applying (|3.5p and (|3.3F 

Now only one part of the lemma still requires justification, namely, (lT4ll . The¬ 
orem [5^ guarantees that any ip G H~^ can be written as y/C^cp for some (p G Lp. 
Decomposing 

[yzy - <p 

and applying (I3.10L (13.61) . and Theorem 12.21 we deduce that 

limsup ||(e**"'^" - e*‘^“)i/;|L-i < limsup || - E*‘^'^)(p\\ 

n—^oo ^ n—>-oo ^ 

This last limit is easily seen to vanish by applying the spectral theorem. This 
completes the proof of (13.41) and with it, that of Lemma [3.31 □ 


Our next result is essential for proving the decoupling of the potential energy in 
Theorem 13.11 
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Corollary 3.4. Fix a > —j. Given G H^, tn —>■ ±oo, and any sequence {y-n} C 
we have 

—>• 0 as n —>• oo, 

where £" is as in Definition \S.‘A 


Proof. Without loss of generality, we may assume that yn ^ Voa S U {oo}. Let 
be as in Definition 13.21 
Writing 




AtnC^l 


AtnC° 


and using (I3.5L and (13.61) . we see that i/j —^ 0 in Hf. Thus, by 

Sobolev embedding it suffices to show 

tpWLl 0 as n —>■ oo; (3-11) 

moreover, by density, we may assume ip G \ {yoo})- 

Let F{t) := ||e**'^“ V'lUj- By the Strichartz inequality, F G L((R). Moreover, F 
is Lipschitz; indeed, by Sobolev embedding, 

\dtF{t)\ < < lirrV'llHi <d 1- 

Therefore, F(t„) —>■ 0 as n —>■ oo. This completes the proof of the corollary. □ 


As we are dealing with an energy-critical problem, we also need convergence of 
propagators in suitable energy-critical spaces. For this we need the assumption 
o > — 4 -I- 

Corollary 3.5. Fix a > Suppose we are given —>■ i/oo G R^ U {oo} and 

let £" and be as in Definition \3.2\ Then 

= 0 for all G 


Proof. By Strichartz, it suffices to prove the claim for f) G \ {i/oo})- By 

Holder, 


)V' ,10 < ( 


AtCn 




)'^|| 10 II — e 


itC 


”)V' 


ii-e 


for any 9 > 10 and 9 G (0,1) given by ^ -I- By (13.61) . the first term 

on the right hand side above converges to zero as n —>■ 00 . On the other hand, by 
Sobolev embedding. Theorem 12.21 and Strichartz, 


|(e**^- -e**^”)V'| 


,(RxR3) 


< 


|vh 


provided q is chosen sufficiently close to 10 so that Theorem l2.2l mav be applied. □ 


To prove Theorem 13.11 we follow the general method outlined in [55] . For the 
problems treated in those notes, all defects of compactness in the Strichartz inequal¬ 
ity are associated with symmetries of the equation. The presence of a potential in 
m breaks the translation symmetry. The new difficulties that this introduces are 
reminiscent of those overcome in |31] , which derived a linear profile decomposition 
in the exterior of a convex obstacle. This earlier work provides inspiration (but 
little technical overlap) for much of what follows. 
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The bulk of the proof of Theorem 13.11 is effected by the inductive application of 
an inverse Strichartz inequality; see Proposition 13.71 below. This in turn relies of a 
refinement of the classical Strichartz inequality: 


Lemma 3.6 (Refined Strichartz). Fix a > 


— itCo 




lxR3) 


< 




f ^ we have 

supJ|e-*‘^»/^|||jo^(^^^3). 


Proof. As a > — I + ^, we have cr < ^ and so we may choose 0 < e < 1 so that 
a < — e). Using the square function estimate Lemma [2.51 Lemma [2.41 and 

Strichartz, we obtain 




Ari<---<Ar5 ‘ * j=2 


< sup ||e-**^“/iv|liio + 30 

A7CI9Z Li^Lx 

Ni<N5 * 




< sup ||e-**^“/iv|| 

Ne2^ 




where all space-time norms are over R x M^. 


□ 


Proposition 3.7 (Inverse Strichartz inequality). Assume a > —■| + ^- Let {/«} C 
i7(J;(K^) be such that 

lim |l/n|liji(R3-) = A < oo and lim ||e“**^“/„||iio = £ > 0. 

n—>-oo a'' ’ n^oo 

Then there exist a subsequence in n, (j) € {A^„} C 2^, and {(<„,x„)} C 

K X such that 

gn{x) := Nn -I- ■^) 4>{x) weakly in iif^(R^), (3.12) 

(3.13) 

lim |||/„|||, -||/„-^„||6, _ ||<^„|16 1 =0, (3.14) 

where 

(j)n{x) = [cl){Nn{x - a:„))] = (j))[Nn{x - Xn)), 

with £" as in Definition \3.‘A with yn = NnX„. Moreover, we may assume that either 
Nftn — >■ ±c» or tn = 0 and that either 7V„|a;„| oo or Xn = 0. 
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Proof. By Lemma [321 for n sufficiently large there exists Nn G 2^ such that 


(3.15) 

By the Mikhlin multiplier theorem for Ca, there is an L^°-bounded multiplier m so 
that Pfi = m{£a)Pff. Thus, (13.151) implies 

We-^'^'^PNjnhz^e-^A--^. (3.16) 

Using the heat kernel bounds provided by Theorem 12.11 it is easy to check that 

ll-^N„/llLiO({|a,|<aAryU) ~ ‘^ll/lliU' 

Therefore, (I3.16|) guarantees the existence of an /^-independent r; > 0 so that 


/„||j 


lx{|a;|>7)(e/A)'=NyU) 


>£3kl-3 


(3.17) 


where c = 2 ( 3 - ■ 


On the other hand, by the Strichartz and Bernstein inequalities 

< l|PN„/n|U.(M3) < N-^A. 

This together with ()3.17|1 and Holder’s inequality yields 
A 4£4 < ||e **^“.P^^/n|liio^(Rx{|a;|>j)(£/A)<=AryU) 


LZi 

-i . 1 , 


— itCa DO, 




lx{|a;|>7)(e/A)<=AfyU) 


Therefore, there exist t„ S R and Xn S with Nn\xn\ > (eM)° such that 


Nf 


^ c> 


(Pke 


fn)iXn) >e(4)«. 


(3.18) 


Passing to a subsequence, we may assume 


S [— 00 , 00 ]. When Too is 


finite, we set := 0; otherwise, we define := t„. 

Having chosen the parameters t„, Xn, and iV„, we now proceed to the construc¬ 
tion of the profile (f. The inequality ()3.18|1 will underlie the demonstration that /> 
carries nontrivial energy. 

With gn defined as in (I3.12|) . 

lv^e-*‘”^“/nllL3=||/„||^, <H, 


IIS' 


= Ve 


— itnCa 


"IlHl ~ II VC /"IIAx ^ II Vi-aC 


and so, passing to a subsequence, there exists (j) so that gn ^ 4> weakly in Hf. This 
proves (13.121) . 

Next, we turn to proving (13.131) . Changing variables, then using Lemma 15751 and 
the fact that gn ^ weakly in we get 

ll/™lllri - Wfn - = 2 Re( 5 „,/:"/i) - -)> {(li,C'^4>) as n -)> 00 , 

where is as in Definition 13.21 Thus, it suffices to prove a lower bound on the 
i/Unorm of (j). 

Setting 

{xn + w;) = {x) if r^o G K 

Nn^ {Xn + ±)= [P}So] (x) if Too = ±00 


hn{x) = 
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with P" := e — e , and performing a change of variables, (13.1811 becomes 

\{hn,gn)\ > 

By construction, gn ^ (j) \n H].. We set P“ := By Lemma [331 

hn —>■ Pi°°(5o in H~^ when Too = ±oo and /i„ —)> Pf^f^o in when Too is 

finite. Thus when Too is hnite, we deduce that 

In view of Theorem 12.II and the fact that Nn\xn \ ^ {e/AY, we have 

which completes the proof of (13.131) when Too is finite. Trivial modifications of the 
last steps handle the case Too = ±oo. 

We now turn to p.l4|) . If = 0, then by Rellich-Kondrashov (which yields 
gn ^ (j) a.e.) and Lemma 12.61 we have 

llffnllia “ \\gn “ '/'IIls ~ \\4‘\\l% S'® n —>■ OO. 

A change of variables then yields (13.141) in this case. If tn = Tn, then it suffices to 
observe that (()„—>■ 0 in L® by Corollary 13.41 

Finally, passing to another subsequence if necessary, we may assume that either 
Nn\xn\ —>■ 00 or NnXn —>■ ?/oo € . In the latter case, we may take Tn = 0 by 
replacing the prohle 4> found previously by (j){x — yoo)- D 

With Proposition 13.71 in place, the greater part of the proof of Theorem 13.11 
amounts to careful book-keeping. We omit the details; they can be found, for 
example, in EI1I31]- However, as one sees there, two extra facts about the free 
propagator are needed to verify m- For the problem at hand, these two addi¬ 
tional inputs are provided by Lemmas 13.81 and 13.91 below: they are the analogues of 
Lemmas 5.5 and 5.4 in [31] and play the same roles as these earlier results in the 
proof of (1331). 

Lemma 3.8 (Weak convergence). Let /„ G ij^(]R®) be such that fn^O weakly in 
i7^(]R®) and let tn ^ too & R- Then for any ?/„ G 

^ 0 weakly in iL^(K^), 

where CJf is as in Definition \3.‘A 

Proof. Without loss of generality, we may assume that i/n —>■ ?/oo G U {oo}. Let 
CY be as in Definition 13.21 For any if G (^“(R^ \ {l/oo}), we have 

< \tn - tool^^'^Wy^fnhlW^Yhl, 

which converges to zero as n —>■ oo. To see the last inequality above, we used the 
spectral theorem together with the elementary inequality 

< |t„-toor/^Ai/2 for A > 0. 

Thus, to prove the lemma it suffices to prove that ^ 0 in Hf. For 

G C-(R3 \ {yoo}), 

{e-^*-^"fn,Y)H. = {fn. (-Ai)>))^,. 
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The first inner product on the right-hand side above converges to zero by Lemnia [3.31 
As ^ 0 in by assumption and A-ijj G the second inner 

product also converges to zero. This completes the proof of the lemma. □ 


Lemma 3.9 (Weak convergence). Let f G H^(R^) and let {{tn,Xn)}n >1 C K X 
and {un} C Then 

[6“**""^“ /] (a; -I- Xn) 0 weakly in H^{R^) as n ^ oo, (3.19) 

whenever |t„| —>■ oo or\xn\^oo. Here £" is as in Definition \3.^ 

Proof. Naturally, it suffices to prove (13.191) along subsequences where yn ^ Vco & 
U {oo}. Let be as in Definition 13.21 

We first prove (13.1911 when tn oo; the proof when tn —>■ —oo follows symmet¬ 
rically. Let ij) S \ {j/oo}) and let 

Fn{t) := (e"*‘^”/(a:-f x„),?/’)ffi(R3)- 

To establish (I3.19|) . we need to show 

Fn{tn) —0 as n —>■ OO. (3.20) 


A computation yields 

\dtFn{t)\ = \{Cfe-^^^"f{x + Xn),Ai})L2(jg3)\ < ||/||^i||AV'||^i </.^ 1. 


On the other hand, 


\\F\\ 


LT ([‘n.oo)) 


< 






IIAV'II 


■(R^) 




— itlVl 


—iiCJt 


']/IL¥ 


■£'ti*x([*n:'X.)xR3) 


lie 


— itC° 


/ 10 
"LAiltr, 


d)xR3) 


The first term on the right-hand side above converges to zero by Lemma 13.31 The 
second term converges to zero by the Strichartz inequality combined with the mono¬ 
tone convergence theorem. Putting everything together, we derive (I3.20p and so 
(I3.19P when —>■ oo. 

Now assume {tn}n>i is bounded, but \xn\ —>■ oo as n —>■ oo. Without loss of 
generality, we may assume —>■ too G R as n —>■ oo. As 


— itnCl, 


/] (a 


0 = 


— it„( —A+ 


f{- + Xn) (x), 


the claim now follows from Lemma 13.81 


□ 


4. Embedding nonlinear profiles 

In this section, we prove an analogue of Theorem 11.21 for initial data that lives 
far from the origin relative to its intrinsic length scale. In this setting, one may 
imagine that the potential plays little role. Indeed, we will use solutions to dHJ, 
whose existence is guaranteed by Theorem 11.11 to approximate the solutions to 
(Ea in this case. 

To keep formulas within margins, in this section we will adopt the following 
abbreviation: 

• 1 1 r» • 1 o 

X^{I) := X R3). 
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Theorem 4.1 (Embedding nonlinear profiles). Fix a > Let {A„} C 2^ 

and {xn} C be such that |x„|/A„ —>■ oo. Let {tn} C M &e such that either tn = 0 
or tn —>■ ±oo. Let 4> € and define 

4>n{x) :=A;^[e-*‘"^“ 0 ](^). 

Then for n sufficiently large there exists a global solution to m with initial 
data Vn(0) = 4>n which satisfies 

lkn|lLjo^(RxB3) < 1 , 

with the implicit constant depending only on . Furthermore, for every 

e > 0 there exists € N and ipe £ C“(M x R^) such that for all n > we have 

\\Vn{t - \ltn, X+Xn)- Xn^ A;( ^ a;) || (jj) < £. (4.1) 

Proof. The proof of this theorem follows the general outline of the proof of Theo¬ 
rem 6.3 in m- It contains five steps. In the first step we select appropriate global 
solutions to the energy-critical NLS without potential. In the second step we con¬ 
struct a putative approximate solution to (O. In the third step we prove that 
this asymptotically matches the initial data (j)n and in the fourth step we prove 
that it is indeed an approximate solution to (11.21) . In the fifth and last step we use 
Theorem 12.111 to find and prove the approximation result (14.11) . 

Step 1: Selection of solutions to dm. 

Let 9 := The construction of solutions to dm depends on the behaviour 
of tn- If tn = 0 , we let Wn and Woo be the solutions to dm with initial data 
Wn{0) = (/'<(|a;„|/A„)'’ and Woo(O) = 4>. If tn —t ±oo, we let Wn and Woa be the 
solutions to dm satisfying 

||wn(t) - ^ 0 and ||woo(t) - e*‘'^(()||^i(R 3 ) ^ 0 

as t —>■ ±oo. 

In all cases, Theorem 11.11 together with perturbation theory and persistence of 
regularity for dm implies that Wn and Wao are global solutions obeying 

{ ll'^"llsi(R) + 11 '*^00 11 SI (R) ~ 

= 0 , ( 42 ) 

|||V|®w„||si(R) < for all s> 0 . 

Step 2: Constructing the approximate solution to (11.21) . 

Fix T > 0 to be chosen later. We define 

[ Xn^[XnWn\{Xf^t, \-^{x - Xn)), \t\ < A^T, 

Mt, x) := x), t > XfT, 

t<-XlT, 


where Xn is a family of smooth functions satisfying 


\d^Xn{x)\ < and Xn{x) = 


if \Xn + XnX\ < 


if 


\Xn + XnX\ > 


By a change of variables, Holder, and 

||x„zn„(±r)||^, < ||Vx„|U3j|R;„(±r)|Ua + \\Xn\\L^\\^Wn{±T)\\L 2 < 1. 
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Combining this with the Strichartz inequality and Theorem 12.21 we get 

^ + \\XnWn{±T)\\^, 


'Ll°LFr\LrLl 


1 


< 


enllgl 


1 < 1 . 


Step 3: Asymptotic agreement of the initial data: 

lim limsup ||^/Z^[^lr^(A^^„) - 4>n]\\Ll = 0. 

T->-oo ji_>oo 


(4.3) 

(4.4) 


We first consider the case when = 0. Using the equivalence of Sobolev spaces 
and performing a change of variables, we obtain 

\\^/Ta[in{Q) - cj>n]\\Ll ^ II V[Xn<^>(|.„ | / A„)^ ] + 11^1(1 ” Xr^Mkl 

^ l|VXn||L|||</'>(|a:„|/A„)e|U| + II W>(|x„l/A^)" |U= 

+ l|VXn||L|||<)>||L6(supp(Vx„)) + l|V<(’lli2 (supp(l —Xn)) J 

which converges to zero as n —>■ c» since Xn(x) —> 1 and Xsupp(Vxn) (^) ^ almost 

everywhere as n —>■ c». 

It remains to prove (14.41) when —>■ c»; the case —>■ —c» can be treated 

analogously. As T is fixed, for sufficiently large n we have tn > T and so 

Vn{Xltn,x) = [Xn^ {XnWn{T)){^^)]. 

Thus, by a change of variables and the equivalence of Sobolev spaces, 

||i’n(A„tn) — ^nlljj-l =||\/^[e {XnWn(T)) — (j)\\\ 1^2 

<\\^[XnMT)-w^{Tm\L2 (4.5) 

+ ||V[x„u;oo(T)-u;oo(T)]|U2 (4.6) 

+ ||e*^^"v^u;oo(T)-A/£^<^|U., (4.7) 

where £" is as in Definition 13.21 and = a:„/A„ —>■ oo. Note that in this case 
= -A. 

Using (14.211 and Sobolev embedding, we see that 

6^ < ||Vx„|U3||u;n(T) - U;oo(T)||ie + ||Xn||L?>l|VK(r) - u;oo(r)]||L2 ^ 0 
as n —>■ oo. 

By Holder and the dominated convergence theorem. 


(HU) ^ l|VXn||L3|l'U;oo('£)||L6(supp(Vx„)) + 11(1 “ Xn) VWoo (£)] || -)> 0 

as n —>■ oo. 

Now we look to dHH). By (13.51) we have 

||[v^-\/^]w^oo('£)||i 2 + ||[a/^-V^ l'/'lLs ^ 0 as n^oo, 
while by (13.61) we have 

II ] A/£^r(;oo ('£)||^2 0 as n —>• oo. 

Combining these, we deduce that 

limsupdlJl) = ||v^[e*'^^”woo(£) - </']||l^ 
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which converges to zero as T —>■ oo by the construction of Woo- This completes the 
proof of (|4.4I1 . 

Step 4: We prove that Vn is an approximate solution to (O in the sense 
required by Theorem 12.Ill 

lim limsup ||\/Z^ [(*5t - - |Wn|'‘'5n]|Uo(B) = 0. (4.8) 

T-s-oo „_>oo 

We first verify (14.81) for |t| > A^T. By symmetry, it suffices to consider positive 
times. For these times we have 


Cn := (idt - Ca)Vn - \Vn\'V„ = -\Vn\'Vn. 

By Lemma [13] and (14.31) . 

< ||e 

On the other hand, by the analysis of (H3t and (ITO . we have 


||e * “ (Xn^n(’?"))llL;3,,((0,oo)xR3) — l|e * “'fi'oo (T) || ((q^oo) 


3(1) 


as n —>■ oo. 

To continue, let w+ denote the forward asymptotic state of Woo', its existence is 
guaranteed by Theorem ll.il By Strichartz, 


||c “ ^Oo(T)||2^10^('('q^oq)xR3) 

< - e-**^“]u;oo(T)|Ljo^((o,^),K3) + ||u;oo(r) - 

^itA 


(R3) 


+ lie* IU+||2,io^((T,oo)xH3)j 


which converges to zero as n —>■ oo and then T —>■ oo in view of Corollary 13.51 the 
definition of W-i-, and the monotone convergence theorem. 

Next we show ()4.8I) on the middle time interval |t| < A^T. For these times. 


■ [(^^I l^n| Tn](t,3^) 


An"[(Xn - xl)\Wn\‘^W„]{X-'^t,X-^{x - X^)) 

(4.9) 

+ 2A)("[Vxn ■ Vu;„](A“^t, A“^(a; - Xn)) 

(4.10) 

+ An^[Ax„w„](A;)^t,A;)^(x - Xn)) 

(4.11) 

An ~ jyp [XnlTn] (A„ t, A„ (x Xn))- 

(4.12) 


Performing a change of variables and using Lemma [2731 and Holder, we estimate the 
contribution of (14.9p by 

IKXn -Xn)kn|'‘Vu;„|| 6 ||Vx„(l - 5x^)u;^|| 6 

L/f. ±J T J-Zj. 1 j T 


< 


+ W^uWlI^J'^XuWlI Ik„ -Woolliio, + l|l|,^|^l£rLl«oo|liio 
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which converges to zero as n —>■ oo by (|4.2|) and the dominated convergence theorem. 
Similarly, we estimate the contribution of (jd.lOll and (|4.11|1 by 


T 


l|VXn||L~||A-U;„||iooi2 + ||Ax„||l~||Vu>„||l~l2 + \\y AXnhlWWnWLrLl 


< T 


+{^y+i±-i) 


0 as n —>■ 00 . 


Lastly, we estimate the contribution of (14.121) by 




in U 

LT 

Ll 

^ T 

[ll^T 

A|xn(2;) 

Xn + \nX\^ 


WWnWh'^Ll + 

£ T 

^ \Xn\ 

f^O 

as 

n -X OO. 


\Xn-\-\nX\‘^ 




This completes the proof of (14.81) . 

Step 5: Constructing and approximation by (7“ functions. 

Using dOJ, gll), gg, and Theorem 12.111 for n sufficiently large we obtain a 
global solution to (jl.2l) with initial data w„(0) = (j)n which satisfies 


IknllijojRxRa) < 1 and lim limsup ||u„(t - A^<„) - fin WllsMRxRS) = 0- 

’ ^ —^oo n^oo 


It remains to prove the approximation result grj. 

From the density of C'“(R x R^) in X^(R), for any e > 0 there exists S 
C“(R X R^) such that 


||w^oo V'e||ji:i(R) < 3' 

Thus, proving (ED reduces to showing 

||u„(t,x)-A;;;"u;oo(A;;;^t,A"^(a;-x„))||xi(R) < § (4.13) 

for n, T sufficiently large. Changing variables we estimate 

LHS( |4.13P < WXnWn - Woo||xi([-T.T]) + II [Xn'a'n ("C)] “ '“'oo || ((T.oo)) 

+ [x„u;„(-T)] - Woo|lxi((-oo.-r))- 

We consider each of these three terms separately. Using the dominated convergence 
theorem and (14.2L we see that 


IIXn'R'n ■a'oo ||xi([-T,T]) 11(1 Xn)'a^oo ||xi(R) + 11'*^" '^’00 11A1 (R) ^ (4-14) 

as n —>■ 00 . The second and third term can be treated similarly; we only present 
the details for the second term. By Strichartz, 

||g ( ''^“[Xn'WniT)] — Woo\\x^((T,oo)) 

^ lkoo|lAl((T.oo)) + \\'/^[XnWniT) - WooiT)]\\^^^ + ||[v^- (T) 11 ^2 

+ II + ||e*‘^u;+||xi((T.oo)) 

+ ||e“*^^Woo('C) — w^+IIpi —^0 as n —>■ 00 and then T —>• oo 


by the monotone convergence theorem, (14.141) , Lemma 13.31 and the definition of 
the asymptotic state w+. This completes the proof of (I4.13P and with it, the proof 
of Theorem 14.11 □ 
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5. Existence of the minimal blowup solution 

The main goal of this section is to show that the failure of Theorem 11.21 implies 
the existence of a minimal counterexample that has good compactness properties. 
Note that the failure of Theorem ll.2l implies the existence of a critical energy Ec such 
that (ini holds for solutions with energy less than but it fails for solutions with 
energy greater than Ec- The strict positivity of the critical energy Ec is guaranteed 
by the small data global well-posedness theory. Observe also that finiteness of Ec 
is equivalent to the failure of Theorem 11.21 

Theorem 5.1 (Existence of almost periodic solutions). Suppose Theorem \1.2\ fails. 
Then there exist a critical energy 0 < Ec < oo and a solution u : [0,T*) x —>■ C 
to (II.2p with 

E{u) = Ec and ||u||lio^([o,t*)xB 3) = oo. 

Moreover, the orbit of u is precompact in modulo scaling in the sense that 

there exists N{t) : I —>■ R+ such that the set {N{t)~^u(t, : t S [0,T*)} is 

precompact in Finally, we may assume that the frequency scale function 

N{t) satisfies inftg[o,T*) N{t) > 1. 

Results of this type are by now standard in the literature. The key result un¬ 
derlying the existence of the minimal counterexample (with critical energy and 
infinite *^-norm) is a Palais-Smale condition for minimizing sequences of blowup 
solutions to (HH); this is recorded as Proposition 15.21 below. This Palais-Smale 
condition also implies that the orbit of the minimal counterexample is precompact 
modulo scaling. Finally, having extracted this minimal blowup solution, a simple 
rescaling argument allows us to assume that the frequency scale function N{t) is 
bounded from below either in the future or in the past; see for example [281 §4]. 
The interval [0,T*) appearing in Theorem 15.11 is the maximal future extension of 
u, where we can guarantee that infjgjo^T*) N{t) > 1. 

Proposition 5.2 (Palais-Smale condition). Let x R.^ —>■ C fee a sequence 

of solutions with E(un) —>■ Ec and let tn G In so that 

lim llrtnllLjo ({t>t„}xR3) = bm UrtnllLio ({t<t„}xR3) = oo. 

Then, passing to a subsequence, {u(t„)} converges in iJ^(R^) modulo scaling. 

Proof. The proof of Proposition 15.21 follows along well established lines. For a 
thorough discussion of this result and its relevance in proving Theorem 15.11 in the 
absence of a potential see . The presence of the potential introduces several new 
difficulties. These are of a similar nature as those arising for the energy-critical NLS 
outside a convex obstacle and will be overcome by mimicking the arguments in m- 
In what follows, we will sketch the proof emphasizing the main steps. 

By time translation symmetry, we may assume = 0; thus, 

lim ||nrt||/,io = lim |lrtn||Lio ({t<o}xR3) = oo. (5-1) 

Applying Proposition 13.II to the sequence m„( 0) (which is bounded in iL^(R^)) and 
passing to a subsequence if necessary, we have the linear profile decomposition 

.1 

Wn(0) = 


( 5 . 2 ) 


26 


R. KILLIP, C. MIAO, M. VISAN, J. ZHANG. AND J. ZHENG 


satisfying the properties stated in Proposition 13.11 In particular, for any finite 
0 < J < J*, we have the energy decoupling property 

J 

^}^{E{un)=0. (5.3) 

To prove Proposition 15.21 we need to show that J* = 1, —?> 0 in 

= 0, and Xn = 0. To this end, we will show that all other possibilities contradict 
(EB). We discuss two cases. 

Case I: sup^ limsup„_,,oo E{(j>l^) = Ec- 

From the Hardy inequality and the non-triviality of the profiles, we deduce that 
liminf„->.oo > 0 for each finite 1 < j < J*■ Thus, (15.3|) implies that there is 

a single profile in the decomposition (15.2|) (that is, J* = 1) and we can write 

Mn(0) =(l)n+Wn with J[^ llWn||^i(R3) = 0. (5.4) 

If —>■ oo, then for n sufficiently large Theorem 14.II guarantees the existence 

of a global solution Vn to (11.21) with initial data w„(0) = (j)n and uniform bounded 
L(*)|.-norm. By Theorem l2.11l this space-time bound extends to the solution for 
n sufficiently large, thus contradicting (EB. Therefore, we must have = 0. 

To obtain the desired compactness property, it remains to preclude the case 
tn —^ ± 00 . By symmetry, it suffices to consider > oo. By Strichartz, monotone 
convergence, and Corollary 13.51 we see that 

I|e **^“Un(0)||Lio^({t>o}xR3) < l|e *‘^“Wn||Lio^({t>o}xR3) ± ||e </>||Lio^({t>t„}xR3) 

-|-||[e — e ]<^||ljo^(rxR 3) 0 as n —>■ oo. 

By the small data theory, this implies that Urtnlliio ({t>o}xR3) —>■ 0 as n —>■ oo, 
which again contradicts (EB. 

Case II: sup^- limsup„_,,oo < Ec — 36 for some 5 > 0. 

In this case, for each finite J < J* we have E{(j>i^) < Ec — 26 for all 1 < _) < J 
and n sufficiently large. 

We will prove that Case II is inconsistent with EB- To this end, we first 
introduce nonlinear profiles associated with each 

\x^ \ 

For those j for which —>■ ± 00 , let denote the global solution to (11.21) 

guaranteed by Theorem 14.II 

We next consider those j for which = 0. If = 0, let denote the maximal- 
lifespan solution to (11.21) with initial data w-l(O) = (j)E If instead —>■ ± 00 , let 

denote the maximal-lifespan solution to EB which scatters to e as t —>■ ± 00 . 

In both cases we dehne 

:= +ti, ^). 

Note that is also a solution to (II.2p with 

lim lln^(O) - ^||ffi(R3) = 0. 

In particular, by the Hardy inequality we have that E{vE) < Ec —6 for all 1 < j < J 
and n sufficiently large. By the definition of the critical energy Ec, this implies that 
the solutions are global in time and have finite Strichartz norms. 
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The next step in the argument is to construct an approximate solution to (11.211 
with finite -norm. We define 






By construction, u:^ is defined globally in time and satisfies 
lh;^(0 )-m„( 0 )||^i(r 3 ) ^ 0 as n^oo 

for any J. 

The asymptotic decoupling of parameters dsm begets (as in ES Lemma 7.3]) 
asymptotic decoupling of the nonlinear solutions Using this together with the 

control we have over the Hx -norm of each one can show that 


limsup ||n;(|| . i m 

Jr- II n II , iQ 

n—^oo 


< 


Ec,S 1 , 


uniformly in J. 

Lastly, one can prove that for large enough n and J, u:^ is an approximate 
solution to (O in the sense that 


lim limsup||y£^[(*9t - Ca)ui - \ui\^ui] \ 

J-J-oo n-^oo 


VO(B) 


= 0 . 


In order to verify this statement, one uses the asymptotic decoupling of the solu¬ 
tions together with the fact that, by the linear profile decomposition, 
converges to zero (as n and J converge to infinity) in energy-critical Strichartz 
spaces without derivatives. Corollary 12.91 is used to control terms involving one 
derivative of see, for example, the justification of (7.19) in [31] . 

Putting everything together and invoking Theorem 12.111 we deduce that the 
solutions Un inherit the space-time bounds of for n sufficiently large. This 
however contradicts dSH). □ 


6. Precluding the minimal blowup solution 

Let us suppose that Theorem 11.21 were to fail and let u : [0, T*) x —>• C be 

a minimal counterexample of the type provided by Theorem 15.11 The fact that 
the orbit of u is precompact in modulo scaling combined with the lower bound 
N{t) > 1 on the frequency scale function yields that for any rj > 0 there exists 
C{ri) > 0 such that 

/ + \u{t,x)\^ dx < / \Vu{t,x)\'^ + \u{t,x)\^ dx < r], 

•'\x\>C{r)) I^l> W{t) 

( 6 . 1 ) 

uniformly for t G [0,T*). 

Note also that by the Hardy inequality and the conservation of energy, for all 
solutions u to m we have 

IV^(^)lli 2 -E'(^) uniformly for t G [0,T*). (6.2) 

To preclude the existence of the minimal counterexample u guaranteed by The¬ 
orem EH we will distinguish two cases, namely, (1) the solution u is global forward 
in time (i.e. T* = oo) or (2) the solution u blows up in finite time (i.e. T* < oo). 
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We will show that the first scenario is inconsistent with the virial identity; see The¬ 
orem 16.11 Finally, we will employ a transport of mass argument to preclude the 
second scenario; see Theorem 16.21 This will complete the proof of Theorem 11.21 

Theorem 6.1. There are no solutions to (|1.2I) of the form given in Theorem 15.11 
with T* = oo. 


Proof. Assume towards a contradiction that u : [0, oo) x —>■ C is such a solution. 

Let 0 be a smooth radial cutoff such that 


(fir) 


r for r < 1 
0 for r > 2, 


and define 

Vnit) := I 'tf{x)\u{t,x)f dx where ^(x) := 
for some i? > 0. 

Differentiating Vr with respect to the time variable and using Holder, Sobolev 
embedding, and (ESI), we find 


\dtVR{t)\ 



(f' i^-^)u{t,x) X ■ Vult, x) dx 


<i?2||4t)||6||Vu(t)||2<„ 


(6.3) 


uniformly for t > 0. 

Taking another derivative with respect to the time variable and using the Hardy 
inequality, Sobolev embedding, and (EH), we obtain 


duVnit) = iRe [ tfij{x)ui{t,x)uj{t,x) dx - ^ [ {A'tjj){x)\u{t,x)f dx 

Jr3 Jr3 

— [ (AAtp){x)\u{t,x)\'^dx — 4:a j T^y'if[x)\u{t,x)\^ dx 

= 8 / \Vu{t,x)\'^ + j^\u{t,x)\'^ + \u{t,x)f’ dx 

o( f \\7u{t,x)\'^ + \u{t,x)\^ dx'] 

^J\x\>R ' 


'\A>R 
>l|Vu(t)|li.-r?, 


provided rj is small and R = R(j]) is chosen sufficiently large. Combining this with 
and taking r] sufficiently small depending on the energy of u, we get 


dtiVnit) >u 1 uniformly for t > 0. 

Together with (16.31) and the fundamental theorem of calculus on [0,T] for T suffi¬ 
ciently large, this yields the desired contradiction. □ 


Theorem 6.2. There are no solutions to ()1.2I) of the form given in Theorem 15.11 
with T* < oo. 


Proof. Assume towards a contradiction that u : [0, T*) x R.^ —>■ C is such a solution. 
By Corollary 5.19 in [2^, this implies 

liminf Af(t) 
ty'T* 


= oo. 


(6.4) 
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Consequently, the mass of u leaves any fixed ball as t —>■ T*; specifically, 

limsup / \u{t,x)\’^ dx = Q for any i? > 0. (6.5) 

t/'T* J\x\<R 

Indeed, for 0 < r? < 1 and t G [0,T*), using Holder we estimate 

/ \u{t,x)\'^ dx < / \u{t,x)\'^ dx + / \u{t,x)\'^ dx 

J\x\<R A^\<vR Jr]R<\x\<R 

<v"R^u{t)\\l.+R^( [ \u{t,x)fdx] 

By (16.2(1 and Sobolev embedding, we can make the first term arbitrarily small by 
letting 77 —>■ 0. Moreover, by (IQ) and (EH), we see that the second term converges 
to zero as t —>■ T*. 

To continue, for t G [0,r*) we define 


1/3 


MR{t) := [ (j){^-^)\u{t,x)f dx, 


/R3 


( 6 . 6 ) 


where ^ is a smooth radial function such that (j){r) = 1 for r < 1 and (j){r) = 0 for 
r > 2. By (16.51) . 

limsup M/{(t) = 0 for all i? > 0. (6.7) 

t/'T* 

On the other hand, by the Hardy inequality and (16.21) . 

ii(t) II 

WWli 


|9iM«(t)l <l|Vu(t)|U?||^|L, <.nl. 


Thus, by the fundamental theorem of calculus, 

MR{ti) = Mii{t2) + f OtMu^r) dr <u Mii{t2) + \ti — t2\ 

Jt2 

for alHi, O G [0, T*) and R> Q. Letting ^2 T*, we deduce that 

MRih) <u \T*-tA. 


Now letting i? —>■ 00 and invoking the conservation of mass, we derive 

\\umk l^*-^i|- 

Finally, letting ti T* we obtain u(0) = 0, which contradicts the fact that the 
L(*^-norm of u is infinite. □ 


7 . The focusing case 

In this section, we consider the analogue of (HH with focusing nonlinearity, 
posed in with d > 3: 

(idt — jCa)u =with u(t = 0 ) G ^^(K^^), ( 7 . 1 ) 

which conserves the energy 

Ea{f)-.= f ^\yf{x)A + ^\f{x)A-^\f{x)\^^dx. ( 7 . 2 ) 

Note that for the topics we will be discussing in this section, it costs very little in 
clarity to treat general dimensions. 
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Definition 7.1. Given a > we define /3 > 0 via a = — 1], or 

equivalently, a = ^^(1 — /?)• We then define the ground state soliton by 


Wa{x) := [d{d-2)P^]^ 




d-2 

2 


l + |a:|2/3 


(7.3) 


It is not difficult (though laborious) to verify that 

CaWa=\Wa\-^-Wa 


and, using a standard variant of Euler’s Beta integral (cf. (1.1.20) in [T]), that 


llW^all 


Hli 


= \Wa{x)\^ dx = 


L r(ii±i) J 


(7.4) 


Thus Wa is a ground state soliton in the sense of being a radial non-negative static 
solution to (EU. As we will see in Proposition 17.21 below, these solitons occur as 
optimizers in Sobolev embedding inequalities when a < 0, but not when a > 0. 
The proof of that proposition will also explain how we derived formula (1731) . 


Proposition 7.2 (Sharp Sobolev embedding). Fix d>3 and a > —(^j^)^. 
(i) If < a < 0, then 


\ 2d 

lJ^ (R-i) 


< llW^all 


2d 

Lf^(RG 


llW^a 


I -1 




(7.5) 


Moreover, equality holds in if and only if f{x) = alTo(Aa;) for some a € C 

and some A > 0. 

(ii) The inequality dLSl) is valid also when a = 0; however, equality now holds if 
and only if f{x) = alTo(Aa; -I- y) for some a G C, some y G M.‘^, and some A > 0. 

(iii) If a > 0, then 


In this case, equality never holds (for f ^ 0); however, the constant in (17.61) cannot 
be improved. 


We will be proving part (iii) of this proposition via concentration compactness. 
Before beginning the proof of Proposition 17.21 we record the following elegant en¬ 
capsulation of the concentration compactness philosophy in the setting of classical 
Sobolev embedding due to Gerard; see M- For our purposes, we need only con¬ 
sider radial (=spherically symmetric) functions; the paper |14) treats the general 
case. In Gorollarv 17.41 below, we will adapt this to the a ^ 0 setting. 

Theorem 7.3 (Bubble decomposition for Sobolev embedding, the radial case). 
Fix d > 3 and let {fn}n>i be a sequence of radial functions, bounded in 77,^(R^^). 
Then there exist J* G {0,1, 2,...} U { 00 }, non-zero radial functions C Hi, 

and scales {AH/=i ^ (OjOo) so that along some subsequence in n we may write 

J 

fn{x) = {x / Xf) + ri{x) for all finite 0 < J < J* 

1=1 


(7.7) 
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with the following five properties: 

lim sup lim sup 11 11 2 d =0 

J—¥oo n—^oo Lx 


sup lim sup 

J n—>-oo 




= 0 


lim sup lim sup 

J—>oo ra—>oo 


In 


2d 

d-2 




i=i 


= 0 


lim inf ^ 

n—^oc 

L 



= OO 


for all j f 


^ fn{^hx)^(jy^{x) weakly in Hi- 


(7.8) 

(7.9) 

(7.10) 

(7.11) 

(7.12) 


The concentration compactness principle recorded above can de adapted to the 
case a 7 ^ 0, as follows: 

Corollary 7.4. Fix d > 3 and a > —(^^)^. Let {/„}„>i be a bounded radial 
sequence in Then there exist J* G {0,1,2,...} U {ooj, non-zero radial 

functions C Hf, and scales C (0,oo) so that passing to a subse¬ 

quence in n, equations (EH), (EH, and Ij7.10p - (j7.12ll hold. Moreover, in place of 
dzH). we have 


sup lim sup 

J n—>oo 


II/. 


llTH 


' nN//i( 


-El 

i=i 


2 


= 0 . 


(7.13) 


Proof. With the exception of (17.131) . all claims follow from the fact that is 

isomorphic to as seen in Theorem 12.21 

In the setting of Theorem 17.31 the decoupling statement (17.91) is proved by in¬ 
ductive application of the fact that in any Hilbert space H, 

gn^(t> weakly in implies Hs.IIh - llff. - </>IIh - II'/'IIh—0- (7-14) 

Specihcally, one takes H = and uses (17.121) and (17.111) as input. However, 

weak convergence in guarantees weak convergence in 77}(R'^) and conse¬ 

quently, we may apply (17.14p with FI = 77} (R'^). Applying this inductively yields 

(Tmi) . □ 


We are now ready to complete the proof of Proposition 17.21 


Proof of Proposition |7.il[ Part (ii) is precisely the sharp form of classical Sobolev 
embedding that has been known for some time HHIlO]. One proof of this, adapted 
to serve as an introduction to the manner in which concentration compactness 
methods are used in dispersive PDE, can be found in [29l §4.2]. We will be adapting 
that argument when we discuss part (i) below. 

Part (hi) is a trivial consequence of part (ii): As a > 0, 


llW^oll 


-1 

2d 

T d — 2 


(R'i) 


IIW^oll 




I 2d 

(R<1) 


— ll/llAi(R<i) 


< 


'HU 


unless / = 0. The fact that the constant cannot be improved follows by considering 
fnix) = Wo (a; — Xn) for any sequence Xn ^ oo. 

We turn now to the proof of part (i). By the standard rearrangement inequalities 
(cf. [33l Ch. 3]), the optimal constant can determined by the consideration of 
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radial functions alone. Moreover, as J \ f{x)\'^\x\~'^ dx is strictly monotone under 
rearrangement, any optimizer must in fact be radial. 

Let /„ be an optimizing sequence of radial functions for the problem 


2d 2d 

maximize •/(/):= ||/||^^ ^ ||/|||^ subject to the constraint ||/||^i = 1. 


Applying Corollary 17.41 and passing to the requisite subsequence yields 

.r r 


supJ(/)= lim J(/„) = V| 


/ 


which implies 


i=i 


2d 
I d-2 

I ^ 


< sup J(/)^ Ill'll]! 


i=i 




J* 




f=i 


Corollary 17.41 also guarantees that 
. 7 * 

E 


7=1 


77i(R<i) — 


■Eii^^iiWc'=i- 


7 = 1 


(7.15) 


(7.16) 


(7.17) 


As > 2, we see that the consistency of (17.161) and (I7.17|) requires that J* = 1 
and that has unit norm. The fact that /„ is an optimizing sequence 

shows that (f>^ must be an optimizer for J and hence for the embedding (17.51) . 

Now that we know the existence of optimizers, we turn to their characterization. 
Recall that we have already seen that optimizers must be radial. Let 0 ^ / S 
denote such a radial optimizer. Replacing / by af for some a > 0, if necessary, we 
may assume that 

ll/ll^i(Kd) = \fix)\^ dx. 

By assumption, / maximizes / dx among all functions that share 

its norm. Thus, it obeys the Euler-Lagrange equation Caf = 

here we exploited the normalization of / to determine the Lagrange multiplier. 
Corresponding to the scale-invariance of Sobolev embedding, Noether’s theorem 
guarantees that this Euler-Lagrange equation admits a conservation law. Proceed¬ 
ing in this way, we may rewrite the Euler-Lagrange equation (in the radial variable 
r = |a:|) in the form 


[r^m] y + [{^y + «] [r^m] ^ ^ [r^/(r)] ^ = 


As / £ there is a sequence r„ —>■ oo so that \idrf){rn)\ + l7^/(7'ra)| = o(r„‘^^^). 
Thus, the constant c is, in fact, zero. The resulting first-order ODE is separable 
when written in the variables w{r) = r^~ f{r) and p = log(r). Carrying out the 
requisite integrals, we then deduce that f[x) = A^/^lTa(Aa;) for some A > 0. □ 


If we discard the information regarding the existence of optimizers, is not difficult 
to see that the three different cases in ProDOsition l7.2l can be combined into a single 
equivalent statement: 
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Corollary 7.5 (Sharp Sobolev embedding). Fix d > 3 and a > —{ ^ 
2Ea{f) ^ d-2^ 


d-2\2 


y. Then 


IIW^aAoll 


> 


Hi 


WWaAoWl, 




IIW^aAoll 


Hi 


This formulation of sharp Sobolev embedding is well-suited to proving energy 
trapping and for demonstrating coercivity of the virial: 


Corollary 7.6 (Coercivity). Fix d > 3 and a > Let m : / x —)> C fee 

a solution to dzU) with initial data u{to) = uq G for some to G I- Assume 

Eaiuo) < (1 — So)EaAo{WaAo) for somc So > 0. Then there exist positive constants 
5i and c (depending on d, a, and Sq) such that 

(a) If ||uo||^i(Kd) < IIW^aAolliji^^(Rd), then for all t G I 

(1) ||M(t)|lijl(Rd) < (1 ~ '^l)l|W^aAo|liji^^(R<i) 

(2) [ \S7u{t,x)\'^ + T^\u{t,x)\'^-\u{t,x)\^ dx>c\\u(t)f^, 

(3) c\\u{t)\\l,<2Ea{u)<\\uit)\\l,. 

(b) Zf lluolliji(Rd) > l|bbaAo|li:fi^^(Rd), then for all t G I 

(1) ||w(t)||^l(Rd) > (1 + ^l)IIW^aAollij-i^^(Rd) 

(2) [ |V'u(t,a;)|^-I-™|it(t,a:)p - |u(t,a;)|^ dx <-c < 0. 


Proof. Combining Corollary 1 7.5 1 with the assumption En(un) < (1 — do)^'aAo(W^oAo) 
and dZH), we obtain 


2 \Hmi. 

IIW^aAofJ 


d- 2 




\\WaA 0 \\%, 


d 


Claims (a)(1) and (b)(1) now follow by using a simple continuity argument together 
with the conservation of energy and the elementary inequality 


\{l-So)>y-^y 


Id - 1| > <5i 


for some di = i5i(d, do)- 

To verify items (a)(2) and (b)(2) we first write 


|VM(t,a;)| +j^\u{t,x)\ - |u(t,a;)|<i--2 da; = ■232-^a(u) - ^||w||^i. (7.18) 


We will also need that by (17.41) . 

^EaAoiWaAo) = |||| ■ 

In the setting of (b)(2), these two ingredients yield 
LHSdnH) < + < -l^lIbbaAolllfi^^ <0, 

which resolves this case. 

In the setting of (a)(2), rearranging Corollary 17.51 yields 
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In this way, we deduce that 

This leaves us to verify claim (a)(3). This is not difficult. As the nonlinearity 
is focusing, 2Ea{u) < ||u||^j. The other inequality follows from (a)(2) because 
LHS (I7.18I) < 2Ea{u). This finishes the proof of the lemma. □ 

Using the usual virial argument and Corollary 17.6l bb one can prove that finite¬ 
time blowup occurs for CH) for a > —(^^)^ -I- (f+|)^; see Proposition 17.71 below. 
The restriction on a stems from the local well-posedness theory; it is needed to 
ensure that solutions can be constructed, at least locally in time. The proof of 
Proposition 17.71 follows from a straight-forward adaptation of the arguments in, 
say, [551 Section 9], relying on Corollary 17.bl bl for the requisite concavity. 

Proposition 7.7 (Blowup). Fix d > 3 and a > —(^^)^ + (^^)^. Let uq € i7,J(R'^) 
be such that Ea{uo) < EaAo{WaAo) and ||uo||^i(Rd) > ll^aAo|lij-i^^(K<i)- Assume 
also that either xuq G or uq G E[^{W^) is radial. Then the corresponding 

solution u to (EB blows up in finite time. 
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